Perhaps the most famous algebraic equations involving the sum of variables x n taken to the pth power is the one shown in the above title. When the variables x n are integers it also represents a classic Diophantine Equation. It is the purpose of this note to studdy this equation in more detail, restricting out attention to strictly integer solutions.
The simplest form of such an equation is the linear Diophantine formx 1 +x 2 =x 3 where p=1. It has an infinite number of integer solutions starting with 1+2=3. Other possibilities are 3+7=10 , 27+53=80 etc.There is really nothing more interesting to say about this form.
However, starting with p=2, one gets more interesting results. The equation now reads-   This is just the Pythagorean Theorem with x 3 >x 2 >x 1 . We can represent its integer solutions via the Pythagorean Triplet [x 1 ,x 2 ,x 3 ]. One of the simplest ways to find these integer triplets is to first assume x 2 +1=x 3 . This yields-
Searching using x 2 equal 2 through 100, produces the triplets- [3, 4, 5] , [5, 12, 13] , [7, 24, 25] , [9, 40, 41] , [11, 60, 61] , [13, 84, 85] These are called base triplets since their elements do not have a common devisor except 1. One can always generate additional triplets by multiplying the elements in a base triplet by any positive integer n. Thus [51, 68, 85] would be a possible non-base triplet.
Going on to the second possibility that x 3 =x 2 +2 we get the additional triplets in the range x 2 equal 5 through 100 of- [12, 35, 37] , [16, 63, 65] , [20, 99, 101] We have here reduced things to base triplets and do not repeat what has already been found in the previous case. Going on to the possibility of x 3 =x 2 +3 in the same x 2 range, we find no new triplets which do not reduce to one of the earlier base triplets. The same is true for x 3 =x 2 +4. We can thus say that all base Pythagorean Triplets have-[sqrt(2x 2 +1) , x 2, x 2 +1] or [2sqrt(x 2 +1) , x 2 , x 3 +2] A physical interpretation of these triplets is that they represent the sides of a right triangle with the hypotenuse equal to x 3 . Or even simpler, the sum of two squares of sides x 1 and x 2 equal a third square of side-length x 3 . In my wood workshop I often make use of the 3-4-5 right triangle to construct an accurate right angle. I point out there is often the possibility of having more than two terms on the left hand side for the p=2 case. For example, we have-2 2 2 2 7 6 3 2    About 400 years ago the famous French lawyer and mathematician Pierre Fermat(1601-1665) was playing around with the Pythagorean Theorem. He tried to extend the theorem to powers higher than p=2 but was unsuccessful. It led him to his famous Last Theorem that - What apparently never occurred to him and others is that p=3 solutions are possible for the four term Diophantine Equation- 1  1  2  4  8  16  32  64  3  9  27  81  x243  729  4  16  64  256  1024  4096  5  25  125  625  3125  15625  6  36  216  1296  7776  46656  7  49  343  2401  16807  117649  8  64  512  4096  32768  262144  9  81  729  6561  59049  531441  10  100  1000  10000  100000  1000000  11  121  1331  14641  161051  1771561  12  144  1728  20736  248832  2985984  13  169  2197  28561  371293  4826809  14  196  2744  38416  537824  7529536  15  225  3375  50625  759375  11390625  16  256  4096  65536  1048576  16777216  17  289  4913  83521  1419857  24137569  18  324  5832  104976  1889568  34012224 
